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ABSTRACT
Two ratio limit concepts for transformations preserving infinite measures,
rational ergodicity and bounded rational ergodicity, are discussed and com-
pared. The concept of rational ergodicity is used to construct some continuous
measures on the circle, which show that the exceptional set in the weak mixing
theorem may be rather large.

Introduction

We study two ratio limit properties of conservative ergodic, measure preserv-
ing transformations (c.e.m.p.t.s) of infinite measure spaces. The weaker property
is rational ergodicity. Let (X, B, u, T) be a c.e.m.p.t. Recall from [1] that T is
said to be rationally ergodic (r.e.) if there isa set A € B, 0 < u (A) < such that

n—1 2
sup (kZO 1AoT*/an(A)) dp <

nzl JA

where here and throughout a.(A)= Z;Z4u (A N T A). The collection of sets
satisfying (0.1) is denoted by B(T). It was shown in [1] that if T is r.e. then

Ja.(T) 1 » such that

n-—1
0.2) a—zT)Ep,(BﬂT"‘C)—nu(B)M(C) as n —if B,C € 3,
n k=0

BUC € B(T)
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and that

H n—1
im 1 S  (BAT*C)zu(B)(C), VB CES.

03 =D&

The sequence {a.(T)}. is clearly defined uniquely up to asymptotic equality,
and is known as a return sequence for T. The collection of all sequences
asymptotically proportional to a.(T) (i.e. a./a.(T)— ¢ € (0,*)) is known as the
asymptotic type of T and denoted by «(T).

It was also shown in [1] that ergodicity is not sufficient for rational ergodicity.

In §1, we show that dyadic towers over the adding machine are rationally
ergodic.

It turns out that the proof of this result actually establishes the stronger ratio
limit property, bounded rational ergodicity, which we study in §2.

By a result in [5], bounded rational ergodicity characterises the occurrence of
mixed ratio limit theorems, which were introduced in [5, §4] for Markov
operators. A consideration of transformations admitting recurrent events
(shown to be rationally ergodic in [1]) yields that some are boundedly rationally
ergodic, and that some are not. Thus rational ergodicity is not sufficient for
bounded rational ergodicity.

In the last section, we use the result of §1 to construct some continuous
measures on the circle, which show that the exceptional set in the weak mixing
theorem may be rather large.

Part of the material of the first two sections is taken from the author’s Ph.D.
thesis, which was written at the Hebrew University of Jerusalem under the
supervision of B. Weiss, whom the author wuold like to thank together with J. P.
Conze and M. Keane for some helpful discussions.

§1. Dyadic towers over the adding machine

We first recall the well known definition and basic properties of the (dyadic)
adding machine.
Let Q= {0,1}" and let

I(x)=inf{nZ=1:6,(x)=0} (=)

where x = (g,(x), eAx),---)=(1,1,---,1,0, Eii(x), - YEL.
The (dyadic) adding machine 7 : Q21— () is defined by

T = (07 Y 07 1) 8I()()i»l(x), M ).
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The transformation 7 is called the “adding machine’ because

> 25 g (mx) = Y, 2* e (x)+ 1 mod 2%,
k=1 k=1

(1.1) Vnzl, x€Q

and this has the consequence

{(e:(r*x), - - -, a(7*x)): 0= k < 2"} ={0,1}",

(12) Ynzl, xeQ.

Now let &/ be the o-algebra of subsets of () generated by cylinders, and let P
be the product measure (3,3)" defined on (Q, ). It follows from (1.2) that if
f:Q—R is a function depending on only finitely many coordinates,

(1.3) %E f(r*x)—> fn fdP.

In particular, (2, &, P, 7) is an e.m.p.t.
Now let {y(n)}i-1CN. We define the dyadic height function with heights
{y(n)} by

¢(x)=v((x))

and the dyadic tower over the adding machine with (dyadic) height function ¢(x)
as follows:

X={(x,n):¢(x)=nz=1}, 93=S{,(.sz¢ﬂ[¢zn],n),

u= 21 P‘(mnwznl.n),
=

(x,n+1) if (x,n+1EX,
T(x,n)=
(mx,1) else.

It follows ([8]) that (X, %, u, T) is a c.e.m.p.t. and that u(X)= faddP =
Za=1y{(n)/2n.

The purpose of this section is to show that (X, %, u, T) is rationally ergodic.

First, we introduce some more notation which will help identify the asymptotic
type of T.

Let I'(n)=2;.,2""*y(k) and B(n)=T(n)+y(n+1) for n=1 and B(0)=
v(1). It follows that
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(1.4) 'y(n)=B(n—1)—§B(k) for n = 2 (and y(1) = 8(0)).

We will refer to {8(n)} as the growth sequence of the dyadic height function
v(I(x)). It is clear that if {8(n)} C N is the growth sequence of some dyadic
height function, then

1.5) B(n)>:Z:;B(k) fornz=1.

Conversely, any sequence {B8(n)}x-o satisfying (1.5) is the growth sequence of
the dyadic height function with heights defined by (1.4), so we term such a
sequence a growth sequence. Note that any growth sequence must satisfy
B(n)=2"

The reason for the name ‘‘growth sequence’ is

LEMMA 1. Let ¢ :Q— N be the dyadic height function with heights {y(n)}
and growth sequence {(n)}, then

¢ (x) =T(n) + y(n +1(c"x))

(1.6) whereo(e, )= (e,--+) Vx€Q,
1.7 dr(x)Z B(n-1),
(1.8) P(¢- = B(n)) =4,

where ¢, (x) = Zio (T x).
Proor. By (1.2),Vx€Q,n=1,31k = k,(x)<2"such that e, (7*x)= --- =

en(t*x)=1 and £,.(7*x) = €.(x), Vm = n + 1. Hence l(7*x)=n+ I(a"x).
Now, also by (1.2)

dr(x)= ;::1 y(k)x #{e €{0,1}": ¢, =1
for j <k and & =0} + ¢(v"x)
= 3 (2 4 y(U(rt)

=T(n)+ y(n + l(a"x)).

This is (1.6). It implies (1.7) as ['(n) = B(n — 1); and (1.8) as P(¢,» = B(n)) =
P(leo" =1)=1. O
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THEOREM 1. Let (X, B, u, T) be the dyadic tower over the adding machine
with height function ¢(x) with growth sequence {B(n)}. Let c(n)=inf{k =
1: B(k) = n}. Then T is rationally ergodic and a.(T)a2°™ (i.e. lim a,(T)/2°™ >0
and lima,(T)/2°™ < x),

PrOOF. We first show that (= (Q,1) € B(T).
Note that

8,

Y 15°T*(x,1)=n, Vx€Q, nzl.
k=1

Consequently, if x € Q then

Blc(n)

i lae T*(x,1)= Y 14°T*(x,1) since B(c(n))Zn

bye(n (%)
<8 ae T 1) by (17)

k=1

= 2c(n)+l.
This implies
(1.9) 2 lﬁo Tk é 2c(n)+1 on X.
k=]
It will now follow from
(1.10) lim a, (@)/2°" = 1/4

that 0 € B(T), since if this is true, then

n 2
f . ( > 1a0 T“) du =42y =100a,(Q)*  for n large.
k=1
We now establish (1.10).

By the mean ergodic theorem, if p (X) < then T is rationally ergodic. We
therefore consider the case

p(X)= 3 y(n)2 =,
It is not hard to see that

a.(@) = ; L @NT*0)= .; P(¢y =n)
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and hence that, if [/ = [log,n], then

EL P(¢z" = n)2".

MI'—‘

— 2*
a. (@)= D P(d=n)z=
k=1
Now, since we assume u (X) =, we have that

B([log:n])=TI'(logz2n])>n for n large enough.

Thus we obtain, for n large enough,

2 P(éx=np2t= 3 P(os = B(K)2
Bk)<n

c(n)-1

= 3 Pgn=BUOR

1 c(n)—1
z35 21 2 by(1.8)
=1@2™-2).

This establishes (1.10), and the rational ergodicity of T. We also have since
Q€ B(T), a.(T) ~ a.(), and it follows from (1.9) and (1.10) that a, (Q)~2°*.
O

CoroLLARY. Let (X, B, u, T) be a dyadic tower over the adding machine.
Then any measurable, u-non-singular transformation of (X, B, n) which com-
mutes with T preserves p.

Proor. The result follows immediately from the rational ergodicity of T.
This corollary was established, using different methods, in [7] for the dyadic
tower over the adding machine with heights y(n)= (1+2*"7")/3.

§2. Bounded rational ergodicity

Let (X, B, u, T) be a c.e.m.p.t. We will say that T is boundedly rationally
ergodic (b.r.e) if 3A € B, 0 < u(A) <o such that

2.1) sup ess-sup (A) E 1.(T'x) | <

nz1 xeX

We denote the collection of sets satisfying (2.1) by S(T). It is clear that



Vol. 33, 1979 RATIONAL ERGODICITY 187

S(T)C B(T), and it follows from theorem 4.1 of [5] that A € S(T)iff T satisfies
a mixed ratio limit theorem on A, i.c.

1 —k _,E!B!

22) VBE®BNA; P<pu, PX)=1

It follows immediately from (1.9) and (1.10) that if T is a dyadic tower over the
adding machine, then Q € S(T).

The rest of this section is devoted to identifying some other b.r.e.m.p.t.s, and
to showing that rational ergodicity does not imply bounded rational ergodicity.

LemMa 2. Let (X,B,u,T) be a c.eem.p.t., then T is b.re. iff T is r.e. and
Ja = a(T)E[1, ) such that

lim ——= :T)Ef T*-af fdu a.e.,

n—wo (,

@3) VfEL'(X), f=0.

Proor. First, suppose that T is r.e., and let, for fE L, f=0
(f, x) = lim : E f(T*x).
alf, x m ———=5 X
an(T) =

Clearly a(f, Tx) 2 a(f, x) and hence a (f, x) = a(f) for u-a.e. x. Furthermore,
the Hopf ergodic theorem yields that

2 () [ fdu - a@)l [ sdu, VEgEL'(X), fg=0.

Hence, 3a € [0,»] satisfying (2.3). Now, if a <1 then we can choose
A € B(T) such that u(A)>0, o’ € (e, 1), n,EN, and B € B N A such that

a;T)ZlA(T" )Ea'u(A), Vnzn, x€B

Integrating this inequality on B violates (0.2) and therefore the assumption
that A € B(T). Hence a = 1.

We have shown that if T is r.e. then (2.3) is satisfied with 1 = o = =,

Suppose that o <« and choose A € B(T). We can find B C A, u(B)>0 and
M <o such that
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1 . -
a"(T)kE_OIA(Tx) M, Vnz1l, x€B
whence
1 n—1 .
a"(T)éla(Tx)§M, Vnzl, x€B

and hence Vx € X. Thus B € S(T), since a.(B)~ p(B)*a.(T).
Conversely, suppose that T is b.r.e., then T is r.e., and if A € S(T) then
a.(A)~ u(A)a,.(T) and hence

n—-1

a;,L(A)—llm (T)ZleT <w ae.

by (2.1). O

Note that (1.9) and (1.10) show that a(T)=8 for T a dyadic tower over the
adding machine.

We now turn our attention to c.e.m.p.t.s admitting recurrent events, whose
definition we now recall from [1}.

Let (X, B, u, T)beac.e.m.p.t. Aset A € B,0< u(A)<xiscalled a recurrent
event for T if, for0=n,=--- =n,,

p(ANT™AN - NT™A)= u(A)f[ w(ANT 2 A)u(A).

The collection of recurrent events for T is denoted by M(T), and T is said to
admit recurrent events if M(T) # & (all Markov shifts admit recurrent events).

It was shown in [1] that transformations admitting recurrent events are
rationally ergodic and that M(T)C B(T).

As the next results show, the bounded rational ergodicity of a transformation
admitting recurrent events is dependent on its asymptotic type. This is in
contrast to the situation with dyadic towers over the adding machine.

THEOREM 2. Let (X, B, u, T) be a c.e.m.p.t. admitting recurrent events, and
assume that a.(T)~ n/L(n), L(n)=exp(foe(t)dt) and tLogLogt-e(t)—0
then T is b.r.e. and a(T)=e.

Proor. Let A € M(T) and let, for x € A,

d(x)=inf{n=1:T"x € A},
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Tax = T*®x —the induced transformation on A ([8]) and ¢.(x)=
200 (Thx); then

1a (T"x)=kz=1 Ly, =m (%), vnzl1l, x€A.

Now, it is not hard to show that, since A € M(T): {¢ °c Ta}n-o are i.i.d.r.v.s
defined on the probability space (A,BNA,us) where pa(B)=
w(A) 'w(A N B). Consequently, the proof of formula (i) in [3] applies and we
have

1 n—1

- k
Ll_x:rla( )ZIA oT*=e ae.onA

n—1
where a(n) = 2, ua (TT*A).
k=0

Since the above lim is constant a.e. on X, and a(n)~ u(A)a.(T), we have
shown that a(T’) = e. Bounded rational ergodicity follows from Lemma 2. O

TueoreMm 3. Let (X, B, u, T) be a c.e.m.p.t. admitting recurrent events, and
assume that a,(T)=n’L(n) where 0=8 <1 and L(n) is slowly varying as
n — ; then T is not b.r.e., moreover, Vn, —

n —1

lim (T)Zf oT' = a.e,

k= 0

@4) VfeEL'(X), fzo, ff>0.

Proor. Let A€ M(T), u, = p(ANT "A)/u(A), a(n)=2i_,u and ¢, =
ko114 °T* We will establish that

1
2. =
2.5) {1_12"1(" )(bnk a.e., Vn, — o
which, by the Hopf ergodic theorem, implies (2.4) (and hence the result) since
a(n)~ u(A)an(T).

If (2.5) is not satisfied for n, — o, then, owing to the T-super-invariance of the
lim in (2.5), IM < such that

1
ll_rpma( )lp,.k<M a.e.
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Now let, for x € A,
e(x)=inf{nz1:Tx € A},
n—-1
Tax =T*%x and ¢.(x)= D, ¢(Thx).
k=0

Then, Y, u(x)=n and ¢.=n > ¢ =m. Moreover, since A € M(T),
{¢ °Ta}a-o are independent identically distributed random variables on the
probability space (A, B N A, na), and

.Zo Un_i - pale >k)=n (nz1).

It follows from Karanata’s Tauberian theory (see [9] and [11]) that p.(¢ =
n)~ c./a(n) as n - o, where 0 < ¢, < depends only on «. In this situation, it
is known (see [11] pp. 448-449) that

salpn = Jcb(n))—->J’0x f.(y)dy as n—»o forallx =0,
where b(a(n))=n and f(y)=0 is characterised by its Laplace transform:
J: e f.(y)dy = exp(— d.x*) forx = 0.
We shall need the fact that [5f.(y)dy >0 for all £ >0 (which follows from the

form of its Laplace transform).
In the light of this (2.6) is impossible, as

pa(n = x/2a(n))Z pa(Ps = a(x*n)) for n large
Z pa(@apieny = 1)

= pa(@ aeimmy = x7*b(a(xV"n)))

—>I f.(y)dy >0  forall x >0. O
o

§3. Rational ergodicity and continuous measures on the circle

Let p be a continuous probability measure on the circle '={A € C:|A|=1}.
It is well known that there is an “exceptional set” K CN of density zero (i.e.
|K N{1,n}//n —0) such that
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3.1) ﬁ(n)=f A"dp(A)—0 asn—o, nZK
r

The purpose of this section is to show, using the result of §1, that the
exceptional set in (3.1) may in general be arbitrarily “thick” within the limitation
of having density zero. We prove

THEOREM 4. Let a(n)>0, a(n)/n—0. Then 3 a continuous probability
measure p on I', and L CN such that

p(n)—»1 as n—->», n€L and
[LN[1,n]l/la(n)—>> as n—ow

Theorem 4 has the following

CoroLLARY. Let a(n)>0, a(n)/n—>0. Then 3 a weakly mixing m.p.t.
(Q,a,P,0)and L CN suchthatfo8"—finL*Q)asn—>», n€ L VfE L¥Q),
and |L N[1,n]|/a(n)—> .

Since, if p is a symmetric continuous probability measure on I', and L CN
satisfying the conclusion of Theorem 4 for a(n) (no generality is lost in assuming
p symmetric) and (£}, q, P, 6) is the shift of the real Gaussian process {X,.} with
correlation function E(X,X,)= p(m — n), then by the theorems of Girsanov
and Maruyama (see [10]), # is weakly mixing and has the maximal spectral type

T = 2 pn*/2n+l-
n=0Q
It follows that #(n)—1 as n—», n € L, and hence that 7(n)— % (0) as
n—>wo, n€L ¥Yn <z Butif f€ L? then

f ffo67df = 4;(n)  wheren, <w
1]

and so fe@"—fin L*as n—>», n€ L.

Continuous measures, and weakly mixing m.p.t.s satisfying the conclusions of
Theorem 4 and its corollary for thin sequences L are mentioned in [6]. Here, we
quantify those constructions, “thickening” L by means of

THEOREM 5. Let {B(n)} be a growth sequence (in the sense of §1) such that
B(n)2" -, and let c(n)=inf{k = 1:8(k)= n}.
If p is a probability measure on T such that
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> 1-AP"|<w  forp-ae, AET
n=1

then AL CN such that p(n)—>1asn—->», n€L; and |L N[1,n]|2°™ > as

n — %,

Remark. If {B(n)} is a growth sequence, then B(n)=2" and either
lim B8(n)/2" <, in which case 2°™ & n, or B(n)/2" — , in which case 2°™/n — 0.

We will first prove Theorem 5, and then deduce Theorem 4 from it. The
following lemma establishes the connection between Theorem 5 and dyadic
towers over the adding machine.

Lemma 3 (cf. [6]). Let (X, B, u, T) be a dyadic tower over the adding machine
with height function ¢ and let {B(n)} be the growth sequence of ¢.
IfXET and =;_,|1- AP®| < then A is an eigenvalue of T, ie.

(3.2) 3g: X >Rsuchthat |g(x)|=1, g(Tx)=Ag(x) p-ae

Proor. To establish (3.2), it is sufficient to find f: Q) — R such that
(3.3) if(x)]=1 and f(rx)=A*"f(x) P-ae.
where (0, , P, 7) is the adding machine, for then g(x,n)= A"f(x) will satisfy
3.2).

Using the notations of §1, we let A, = [l 2 n + 1], the definition of 7, we have
that, Vnz 1, Q= Ui 74, (disjoint), 774, = A, 7 7Awn=[l=n+1),
and A, = A, U 7ALLLL

Let f, =S¥, A%®1, (v*x). It follows that {f,(x)|=1 and

[fu(rx) = A*Pf(x)| = 14, (x)—>0 ace.

Hence, if f.(x)— f(x) a.e. then f satisfies (3.3).
Now
2n 2n

fn = 2 Xd’klAnOTk = 2 /\-4’1‘ (1A,.+|°Tk + lAnHOTZ'H-k ).

k=1 k=1

Hence

2n
fo=fuorr = kZ A% (1= A%"0 2" Yl yapeyo 75
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It follows that if [ = n + 1 then I o™ = 1, and hence by (1.6), that ¢,» = B(n).
Thus |f, — fori| =|1— A%™|=|1— A*"] so that, under the assumptions of the
lemma, f,(x) converges a.e. O

LemMa 4. Let (G,d) be a separable, isometric group with identity 1 (i.e.
d(g,h)=d(gh™',1), Vg, h € G), and let (X, B, u, T) be an r.e.m.p.1. preserving
an infinite measure.

If go€ G has the property that

(3.9 37 : X — G measurable such that w(Tx) = gomw(x) n-a.e.

then 3L CN such that gi—>1asn—>o, n€L; and |L N[1,n]|/a,(T)—>» as

h—> ™,

Proor. We denote, for g € G and ¢ >0,

N(g e)={heG:d(gh)<e} and A(g,e)=7""'N(ge¢).
Step 1 (cf. [4]). 3g € G such that u(A(g,£))>0, Ve >0.

Proor. We show (as in [4]) that u(A(w(x),£))>0 a.e., Ve >0, which
implies step t. Let {g.} be dense in G, and let £ >0. Then

G=UN(@gnel2)> X=U A(g.€/2)

> X=U A(gn,€/2) modpu

where u(A(gn,€/2))>0, Vk.
Now, X € A(g,e/2) > d(gn, m(x))<ef2 > A(g,,e2)CA(m(x),¢€).
Hence p (A(m(x),e))>0a.e. 0
We now fix h, € G with (A (ho,£))>0, Ve >0, and let

K(e)={nz1:d(gs,1)<e} and a.(e)=|K(e)N[1,n]|
SteP 2. u(A(ho, €)=, Ve >0.

Proor. Firstly, note that

(3.5) n€K(e), x € Alhe, 8) > T™x € A(ho, ¢ +8)
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and that
(3.6) Aho, e)NT"A(hy, 8)# T > n€ K(e +8).
If step 2 is wrong, then 3g&,> 0 such that
0<u(A(hy, g)) <o, V0<e = e
Choose &,8 >0 such that 0<eg-8<e<e+85<eg. Then, for p-ae.
x € A(hy, 8),
a.(e)= RZI Ixefk) = kE; Taters(T*x) by (3.5)

~ M;(Z: latge-5(T*x) as n—>x
) by the Hopf ergodic theorem
where M = u (A (hg, e + 8))/ (A (ho, £ — 8))
= Ma.,(¢) by (3.6).

Since we assumed that u (X) = o, this violates theorem 2 of [2] thus establishing
step 2. O
Now let € >0, and A C A(h,£/2), u(A)=1. It follows from (3.6) that

a.()Z Y, n(A NT ™ A(hy, £/2))
k=1
and from step 2, rational ergodicity and (0.3), that
1 = —k
—__an(T)kE.. w(A NT A (ho, £/2))—> .

Thus a.(¢)/a.(T)—>», Ve >0.
Choose & § 0, and n, 1 © such that a.(e)Z ka.(T), Vn=n, k = 1.

Let L = U5, K(&x) N [, ness]. Then clearly gi—1as n —o, n € L, and for
n=n<h

|[LN[1,n]|Z|K(e)N[1,n]]|= a.(ec) = ka.(T). d

ProoF oF THEOREM 5. Let (X, B, u, T) be the dyadic tower over the adding
machine with the height function ¢(x), which has the growth sequence {B(n)}.
By Lemma 3, the assumptions of the theorem mean that the measure p is
supported on the collection of eigenvalues of T. It is well known that in this case
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5 : X xXI'>T, u X pmeasurable such that
(Tx,A)=An(x,A), u X p-a.e.

Now let G be the collection of all p-measurable functions g :T'—= T, and let
d(g,h)=(fr|g — h[’dp)"?, then (G, d) is a separable, isometric group and if

m(x)(A)=n(x,A) and  go(A)=A
we have that
7 :X — Gismeasurable and #(Tx)=gom(x) um-a.e.

By Theorem 1, T is rationally ergodic and a.(T)r2°", so by Lemma 4 we
have that 3L C N such that |L N[1,n][/2°™”—>», and gi—1as n >», n € L.
This proves Theorem 5, since

d(g5, 17 = [ 11-A"Fdp(3) = 2(1 - Re(n)
and |p(n)|=1, Vn O
Proor oF THEOREM 4. Let a(n)>0, a(n)/n — 0 be given.
Let q(n) = inf{[log>(k/a(k))]— 1: k = n}, then q(n)— o, and
(3.7) qg([logzn])=[log:(n/a(n)]-1, Vn=1.
Choose n, 1 o such that n.,>n, + k and
(3.8) g(n)z k>

Let W={e*: a =0.6,6,... in binary expansion where &, =0 unless n =
no+k (some k), L=Ui.[m+1,n+k] and L°={k(n)};., where
k(n+1)>k(n) and B(n) =2 It follows immediately that {8(n)} is a growth
sequence.

Let c(n)=inf{k = 1:8(k)= n}, then

c(n)yzsup{k =1:B(k)=n}=[log.n]—|L N[1,[logzn}]|.
Now, if n, =m < n,.,, we have from (3.8) that
k
[ILN[,m]|=2 j<k’=q(n)=q(m).
i=1

So
c(n) = [logan] — q([logzn])
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and hence by (3.7)
(3.9) 2°™ = a(n).

Now W is a Cantor set on I', and therefore 3 a continuous probability
measure p € P(I') such that p(W)= 1. Theorem 4 will follow from (3.9) and
Theorem 5 if we show that

(3.10) D 1-APM| <o,  VYAEW.
n=0
Let A = ™ € W where a € [0,1]. We have

3 (Bma)= 3, (@)

-3, @)

If e>™ € W and n, + k + 1 =j = n., then ((Qa)) <1/2m-1%*7,
Thus

L) Mee1

5;((3(n)a))é;l S pnetisa,

=1 j=mg+k+1

Since |1— e*™ |~ 2((@)) as ((a)) { 0, this establishes (3.10), and Theorem 4.
O
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